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A FORMULA FOR THE EULER CHARACTERISTIC OF M2,n
G. BINI, G. GAIFFI, AND M. POLITO
Abstract. In this paper we compute the generating function for the Euler
characteristic of the Deligne-Mumford compactification of the moduli space of
smooth n-pointed genus 2 curves. The proof relies on quite elementary meth-
ods, such as the enumeration of the graphs involved in a suitable stratification
ofM2,n.
1. Introduction
Let Mg,n , 2g + n − 2 > 0, denote the Deligne-Mumford compactification of
the moduli space of smooth n-pointed genus g curves. As explained in [AC], there
exists a stratification
Mg,n ⊇ ∂Mg,n ⊇ ∂
2Mg,n ⊇ . . . ⊇ ∂
3g−3+nMg,n,
whose codimension k strata ∂kMg,n, 1 ≤ k ≤ 3g − 3 + n, can be thoroughly
described by genus g graphs with a finite set V of vertices, a finite set of edges E
and characterised in the following way:
• each vertex can have labelled half-edges, which we shall refer to as leaves,
with labels in the set {1, . . . , n};
• there exists a map γ : V → {0, . . . , g};
• for each vertex v, 2γ(v) + h(v) + l(v) − 2 > 0, where l(v) is the number of
edges issuing from v and h(v) is the number of leaves stemming from v;
• g =
∑
v∈V γ(v)+ the topological genus of the graph.
Observe that a graph with γ(v) = 0, for every v, and without loops is simply a tree.
Let us now consider Xj := ∂
jMg,n−∂
j+1Mg,n, 0 ≤ j ≤ 3g− 4+n, (∂
0Mg,n :=
Mg,n), which is easily seen to be a union of quasi-projective subvarieties {Xi}i∈I(j).
With each Xi we can associate a graph which describes all the elements contained
in a codimension j stratum, but not in its closure. We will make use of this
stratification to calculate generating functions for the Euler characteristic ofM1,n,
M2,n. More precisely, given a graph Γi associated with Xi there exists a morphism
ξΓi : Πv∈VΓiMg(v),h(v)+l(v) →Mg,n
which is described as follows. Each vertex v of the graph corresponds to a smooth
(h(v) + l(v))- pointed genus g(v) curve
[
C;x1, . . . , xh(v), xh(v)+1, . . . , xl(v)
]
which
is attached to another curve, corresponding to another vertex, through one of the
marked points xj , h(v) + 1 ≤ j ≤ l(v). By the multiplicativity of the Euler
characteristic, this means that χ(Xi) is generically given by the product of Euler
characteristics of each moduli space corresponding to vertices of Γi. In some cases,
depending on the symmetries of the graph, we should take into account a symmetric
group action.
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By the additivity of the Euler characteristic, we just have to find out how to
enumerate all the graphs involved in the complete description of boundary strata.
To this end, we introduce the generating function for trees, which satisfies the
following recursive relation:
D(t) := t+
∑
n≥2
χ(M0,n+1)
D (t)n
n!
,
and observe that our graphs are obtained by some particular configurations to which
trees are attached (see sections 5 and 7 for these configurations and the definition
of graph-type).
We can finally state our main results. Consider the generating function
Kg(t) :=
∑
2g+n−2>0
χ
(
Mg,n
) tn
n!
.
Then the following theorems hold.
Theorem 1.1.
K1 (t) =
19
12
D +
23
24
D2 +
5
18
D3 +
D4
24
−
E
12
−
1
2
log (1− log (1 +D)) .
Theorem 1.2.
K2 (t) =
1
1440 (1 +D)
2
(E − 1)
3 [−2D
8(E − 1)(7 + 3E)− 24D7 (E − 1)
2
(17E − 7)
−3D6 (E − 1)
2
(201E + 259) + 30D5 (E − 1)
2
(61E − 221)
+15D4
(
631E3 − 2640E2 + 3395E − 1386
)
+60D3
(
341E3 − 1322E2 + 1633E − 652
)
+180D2
(
138E3 − 519E2 + 635E − 254
)
+360D
(
45E3 − 167E2 + 206E − 84
)
+60
(
73E3 − 270E2 + 336E − 144
)
],
where we have set E := log (1 +D).
Although a generating function for χ(M1,n) has already been found by Getzler
in [G1], we propose an elementary and simplified algorithm to determine it. This
will allow the reader to become more familiar with calculations for the genus 2 case.
While preparing this work, we came to know that a generating function for χ
(
Mg,n
)
has been found by J. Harer; even if our computation works in theory for every genus
g, at the moment it turns out to be effective only for small genera, but in these cases
it provides very direct algebraic formulas for the sought-for generating functions.
We also notice that for the computation we need to know the characteristic of
the open sets Mg,n ⊆ Mg,n (when g = 0, 1, 2): although a general method to
compute χ(Mg,n) can be found in [HZ], our paper is self-contained, since we shall
make explicit calculations for χ(M0,n), χ(M1,n) and χ(M2,n) on the basis of a
convenient stratification as suggested in [AC]. We also checked that our results, for
low n, coincide with the ones obtained by E. Getzler in [G2], and with some recent
computations of him, which he kindly informed us about.
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We would like to thank E. Arbarello, M. Cornalba and J. Harer for their help
and encouragement during the development of our work.
Many of our explicit computations were performed using Mathematica1; we are
grateful to D. Finocchiaro for his patience in teaching us to use it.
2. Quotients of products of M0,n and M1,n
As remarked in the Introduction, we shall compute χ(M1,n) and χ(M2,n) sum-
ming the contributions provided by the Euler characteristic of the subvarieties Xi
represented by graphs. When computing the characteristic associated with each
graph, we have to deal with the characteristic of M0,n and some of its quotients
with respect to the symmetric group action which permutes the marked points.
Furthermore, we will need quotients of products of M0,n with respect to suitable
actions of the symmetric group. In addition, these quotients are also useful to de-
scribe strata in the stratification introduced in sections 3 and 4 in order to compute
directly the characteristic of the open sets M1,n and M2,n.
This section is devoted to these computations, which are of independent interest
and will be carried out using two different techniques. On one side, one can study
the Sn-invariants in the rational cohomology ring ofM0,n (subsection 2.1), and on
the other side one can employ geometric arguments involving branched covering
(subsection 2.2). In this last subsection, we are going to use some results of section
4, namely the formula for the Euler characteristic ofM1,n; nevertheless this formula
will be proved without assuming any of the previous results of this paper.
Obviously, we start by recalling the Euler characteristic ofM0,n. This is provided
by the following
Theorem 2.1. For n ≥ 3
χ(M0,n) = (−1)
n−3(n− 3)!.
Proof. Consider the fibration pi :M0,n+1 →M0,n with fiber P
1 − {n points}.
This gives the recursive formula
χ(M0,n+1) = (2− n)χ(M0,n),
with initial data χ(M0,3) = 1.
✷
Let us now consider the case of the symmetric group Sj acting on M0,n (here,
for j ≤ n, we identify Sj with a subgroup of Sn). We notice that when n − j ≥ 3
the quotient map q : M0,n →M0,n/Sj is unramified, since any automorphism of
P1 fixing three or more points is the identity. This implies that
χ(M0,n/Sj) =
χ(M0,n)
j!
=
(−1)n−3(n− 3)!
j!
.
The following subsection provides a description of the Sn module H
∗(M0,n,Q)
which allows us to compute the Euler characteristic of the quotient spacesM0,n/Sn,
M0,n/Sn−1, M0,n/Sn−2.
1 c©Mathematica is a registered trademark of Wolfram Research, Inc.
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2.1. Sn-invariants of H
∗(M0,n,Q). The following well known theorem of In-
variant Theory points out the relations between the cohomology ring of M0,n/Sj
(1 ≤ j ≤ n) and the Sj-invariants in H
∗(M0,n,Q).
Theorem 2.2. Let X be a variety and G a finite group which acts on X. Then
H∗(X/G, Q) ∼= (H∗(X, Q))G.
Let us first recall some results about the symmetric group action on H∗(M0,n,Q).
For every n ≥ 3 and every j ≤ n we will denote by Chj(M0,n) (resp. Ch
i
j(M0,n))
the character of the Sj representation on H
∗(M0,n,Q) (resp. on H
i(M0,n,Q)).
Furthermore, we will denote by Ij and Pj respectively the characters of the trivial
and standard representations of Sj . Then we have
Theorem 2.3. (see [Ga], [Ma]) For every n ≥ 3,
Chin−1(M0,n) = Ch
i
n−1(M0,n−1) + Pn−1Ch
i−1
n−1(M0,n−1). (2.1)
We will also refer to the following theorem which was first obtained by Lehrer
in [L] and that can be derived by formula (2.1).
Theorem 2.4. For every n ≥ 3,
Chn−1(M0,n) = Ind
Sn−1
S2
(I2).
Let us now denote by ( , )Sj the inner product in the space of class functions on
Sj (in the sequel we may omit the subscript Sj if it is clear to which group we are
referring to).
Lemma 2.5. For n ≥ 3,
(Chn(M0,n), In)Sn = 1 (2.2)
(Chn−1(M0,n), In−1)Sn−1 = 1 (2.3)
(Chn−2(M0,n), In−2)Sn−2 = n− 2. (2.4)
Proof. This is a consequence of Theorem 2.4. In fact we can write
(Chn−1(M0,n), In−1)Sn−1 = (Ind
Sn−1
S2
(I2), In−1)Sn−1
which, by Frobenius reciprocity law, is equal to
(I2, Res
Sn−1
S2
(In−1))S2 = (I2, I2)S2 = 1
This gives relation (2.3). As for relation (2.2) we note that, sinceResSnSn−1(Chn(M0,n))
is equal to Chn−1(M0,n), then
1 = (Chn−1(M0,n), In−1)Sn−1 =
= (Chn(M0,n), Ind
Sn
Sn−1
(In−1))Sn = (Chn(M0,n), In + Pn)Sn
Since dim H0(M0,n,Q) = 1 we know that (Chn(M0,n), In)Sn ≥ 1. This implies
that (Chn(M0,n), In)Sn = 1 and (Chn(M0,n), Pn)Sn = 0.
It remains to prove the last assertion, which can be formulated as
(Res
Sn−1
Sn−2
(Chn−1(M0,n)), In−2)Sn−2 = n− 2.
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Then we can write
(Res
Sn−1
Sn−2
(Chn−1(M0,n)), In−2)Sn−2 = (Chn−1(M0,n), In−1 + Pn−1)Sn−1 =
= 1 + (Chn−1(M0,n), Pn−1)Sn−1
which, applying Theorem 2.4, is equal to
= 1 + (I2, Res
Sn−1
S2
(Pn−1))S2 .
The second addendum can be easily computed using the branching rule and is equal
to n− 3. This completes the proof.
✷
We are now ready to compute Euler characteristics.
Theorem 2.6. The Euler characteristic of M0,n/Sn and of M0,n/Sn−1 is equal
to 1 for every n ≥ 3.
The Euler characteristic of M0,n/Sn−2 is equal to 0 if n is even and equal to 1
is n is odd.
Proof. The assertions concerning M0,n/Sn and M0,n/Sn−1 are immediate
consequences of Theorem 2.2 and Lemma 2.5, since the one dimensional spaces
H0(M0,n/Sn,Q) and H
0(M0,n/Sn−1,Q) afford respectively the trivial representa-
tions In and In−1.
Turning toM0,n/Sn−2, we want to prove by induction on n the following stronger
proposition which implies our claim:
Proposition 2.7. For every n ≥ 3 and 0 ≤ i ≤ n−3, in the irreducible decomposi-
tion of the Sn−2 module H
i(M0,n,Q) the trivial representation In−2 occurs exactly
with multiplicity 1.
Proof. The base of induction (n = 3) is obvious. Now, given n > 3, it suffices to
prove that, for every i, the multiplicity of In−2 in the decomposition ofH
i(M0,n,Q)
is at least 1. In fact we then observe that the top cohomology of M0,n has degree
n− 3 and we can apply Lemma 2.5. For i = 0 our assertion is trivial. Let us then
suppose i ≥ 1. From the relation of Theorem 2.1 we deduce
Chin−2(M0,n) = Ch
i
n−2(M0,n−1) +Res
Sn−1
Sn−2
(Pn−1)Ch
i−1
n−2(M0,n−1),
that is to say,
Chin−2(M0,n) = Ch
i
n−2(M0,n−1) + (Pn−2 + In−2)Ch
i−1
n−2(M0,n−1)
(2.5)
If i = 1, we have Chi−1n−2(M0,n−1) = In−2, therefore In−2 appears in the irre-
ducible decomposition of Chin−2(M0,n). If i ≥ 2, we observe that, by the inductive
hypothesis, (Chi−1n−3(M0,n−1), In−3) = 1. But by Frobenius reciprocity law
1 = (Chi−1n−3(M0,n−1), In−3) = (Ch
i−1
n−2(M0,n−1), In−2 + Pn−2).
Now (Chi−1n−2(M0,n−1), In−2) = 0 since we have already proven that the only sub-
space ofH∗(M0,n−1,Q) which affords the trivial representation In−2 isH
0(M0,n−1,Q).
Then we have
1 = (Chi−1n−2(M0,n−1), Pn−2).
Therefore, in the equation (2.5) we find the product Pn−2Pn−2 as an addendum:
its decomposition into irreducibles (see [FH] Chap. 4) is equal to In−2+Pn−2 plus
two other irreducible characters. ✷
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2.2. The geometric method. Let us now apply the fibration method to other
quotients of M0,n. A first case is given by the action of the Klein group S2 × S2
which intertwines two pairs of marked points, i.e.
[
P1;x1, . . . , xn−1, xn
]
→
[
P1;x1, . . . , xn, xn−1
]
.
Proposition 2.8. For n ≥ 4
χ(M0,n/(S2 × S2)) =


0, n = 4,
0, n = 5,
−2, n = 6,
χ(M0,n)
4 , n ≥ 7.
Proof. For n ≥ 7, the claim follows easily, since there are at least three
fixed points. The remaining cases can be treated in the same way and we show
χ(M0,6/(S2×S2)) as a sample case. The quotient map ϕ :M0,6 →M0,6/(S2×S2)
is a 4− 1 covering ramified over the branch locus
B :=
{[
P1; 0,∞, 1,−1, b,−b
]
; b 6= 0,∞, 1,−1
}
.
In fact, the fiber of a generic point
[
P1; 0,∞, 1, a, b, c
]
ofM0,6/(S2×S2) contains
the points[
P1; 0,∞, 1, a, b, c
]
,
[
P1; 0,∞, 1, a, c, b
]
,
[
P1; 0,∞, 1, 1/a, b/a, c/a
]
, and[
P1; 0,∞, 1, 1/a, c/a, b/a
]
. These are distinct points except when a = −1, b = −c in
which case the fiber is made up of two points. We now have the following relation
χ(M0,6) = 4χ(M0,6/(S2 × S2))− 2χ(B).
Since the Euler characteristic of the branch locus is −1 ( as being isomorphic to(
P1 − {0,∞, 1,−1}
)
/S2), we deduce that χ(M0,6/(S2 × S2)) = −2.
✷
Another important example is given by the action of the dihedral group D4 on
M0,n. Here we identify D4 with the subgroup of S4 generated by σ and τ such
that
σ ·
[
P1;x1, x2, x3, x4, . . . , xn
]
→
[
P1;x2, x1, x3, x4, . . . , xn
]
,
τ ·
[
P1;x1, x2, x3, x4, . . . , xn
]
→
[
P1;x3, x4, x1, x2, . . . , xn
]
.
Proposition 2.9. For n ≥ 4
χ(M0,n/D4) =


0, n = 4,
0, n = 5,
−1, n = 6,
χ(M0,n)
8 , n ≥ 7.
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Proof. The proof proceeds analogously as in Proposition 2.8. In the case n = 6,
the branch locus is exactly the same and so the result follows.
✷
Let us now come to a detailed analysis of those quotients of products we shall
use. Take n1, n2 ≥ 3 positive integers such that n1 ≤ n2 and consider the product
M0,n1 ×M0,n2 endowed with the action of S2 which permutes a pair of marked
points in each element of both factors of the product.
Proposition 2.10.
χ((M0,n1 ×M0,n2)/S2) =


χ((M0,n2)/S2), n1 = 3,
χ((M0,n2)/S2)− χ(M0,n2), n1 = 4,
χ(M0,n1 )χ(M0,n2 )
2 , n1 ≥ 5.
Proof. Since M0,3 is a point, the first statement follows easily. On the other
hand, when n1 ≥ 5, the Euler characteristic of the product is simply given by the
relation
χ(M0,n1 ×M0,n2) = 2χ((M0,n1 ×M0,n2)/S2),
since in this case the projection of (M0,n1×M0,n2) onto the quotient does not have
any branch points. For the second case, we recall that M0,4 maps onto M0,4/S2
with a branch point, namely [P1; 0,∞, 1,−1]. Therefore, because of the action of
S2 on M0,4 ×M0,n2 , we have
χ(M0,4 ×M0,n2) = 2χ((M0,4 ×M0,n2)/S2)− χ(Un2),
where Un2 is the branch locus of the map M0,n2 →M0,n2/S2. Since
χ(M0,n2) = 2χ((M0,n2)/S2)− χ(Un2),
we finally deduce that
χ((M0,4 ×M0,n2)/S2) = χ((M0,n2)/S2)− χ(M0,n2).
✷
Let us consider the action of S3 on the product M0,n1 ×M0,n2 by permuting
triples of marked points in each element of the product. Then we can prove the
following
Lemma 2.11. i) χ((M0,3 ×M0,n2)/S3) = χ((M0,n2/S3)),
ii) χ((M0,4×M0,4)/S3) = 2, χ((M0,5×M0,4)/S3) = 1, χ((M0,5×M0,5)/S3) =
2,
iii) χ((M0,n1 ×M0,n2)/S3) =
1
6 χ(M0,n1)χ(M0,n2), when at least one of the
n’js is greater or equal to 6.
Proof. Statements i) and iii) are obvious.
For the proof of ii), let us examine directly what happens when (n1, n2) = (4, 4),
(n1, n2) = (4, 5), and (n1, n2) = (5, 5). We first observe that the map
M0,4 →M0,4/S3,
is ramified along the fiber with two points p1 =
[
P1; 0,∞, 1, α, α2
]
and p2 =[
P1; 0,∞, 1, α2, α
]
, (α a primitive third root of unity), and the fiber with three
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points q1 =
[
P1; 0,∞, 1,−1
]
, q2 =
[
P1; 0,∞, 1, 1/2
]
, q3 =
[
P1; 0,∞, 1, 2
]
. This
allows to compute directly branch points of the map
M0,4 ×M0,4 → (M0,4 ×M0,4)/S3,
yielding that
χ((M0,4 ×M0,4)) = 6χ((M0,4 ×M0,4)/S2)− 11,
i.e. χ((M0,4 ×M0,4)/S2) = 2.
For the other cases, we recall that the map
M0,5 →M0,5/S3
has a fiber with two points, instead of six, namely v1 =
[
P1; 0,∞, 1, α, α2
]
and v2 =[
P1; 0,∞, 1, α2, α
]
. So when (n1, n2) = (4, 5) branch points are given by (p1, v1) ,
(p2, v2), (p1, v2), (p2, v1); hence it is easy to compute χ((M0,4 ×M0,5)/S3) = 2.
In the same way, one can treat the remaining case. Notice that these results could
also have been obtained via representation theory of the symmetric group.
✷
We next consider the action on M0,n1 ×M0,n2 of the group S2 × S2 generated
by the following involutions:
σ1
([
P1;x1, . . . , xn1−1, xn1
]
,
[
P1;x1, . . . , xn2−3, xn2−2, xn2−1, xn2
])
→
→
([
P1;x1, . . . , xn1 , xn1−1
]
,
[
P1;x1, . . . , xn2−2, xn2−3, xn2−1, xn2
])
,
σ2
([
P1;x1, . . . , xn1−1, xn1
]
,
[
P1;x1, . . . , xn2−3, xn2−2, xn2−1xn2
])
→
→
([
P1;x1, . . . , xn1−1, xn1
]
,
[
P1;x1, . . . , xn2−3, xn2−2, xn2 , xn2−1
])
.
Proposition 2.12. Take integers n1, n2 such that 3 ≤ n1 < n2. Then
i) χ((M0,n1 ×M0,n2)/(S2 × S2)) = χ(M0,n2/(S2 × S2)), for n1 = 3,
ii)
χ((M0,4 ×M0,n2)/(S2 × S2)) =


0, n2 = 4,
−1, n2 = 5,
1, n2 = 6,
iii) χ((M0,n1×M0,n2)/(S2×S2)) =
1
2χ(M0,n1)χ((M0,n2)/S2), for n1 ≥ 5, and
n2 ≥ 4.
Proof. i) is obvious. For ii) one needs to recall that the only ramification point
in the quotient map M0,4 → M0,4/(S2 × S2) is
[
P1; 0,∞, 1,−1
]
. In the other
cases, ramification points are given by maps introduced in Proposition 2.8. Finally,
iii) follows by the fact that a rational point with more than three marked points is
automorphism free.
✷
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Eventually, let us now consider the group S2 × S2 acting on M0,n1 ×M0,n2 ×
M0,n3 , generated by:
(
[
P1;x1, . . . , xn1−1, xn1
]
,
[
P1;x1, . . . , xn2−1, xn2
]
,
[
P1;x1, . . . , xn3−3, xn3−2, xn3−1, xn3
]
)→
→ (
[
P1;x1, . . . , xn1 , xn1−1
]
,
[
P1;x1, . . . , xn2−1, xn2
]
,
[
P1;x1, . . . xn3−2, xn3−3, xn3−1, xn3
]
),
(
[
P1;x1, . . . , xn1−1, xn1
]
,
[
P1;x1, . . . , xn2−1, xn2
]
,
[
P1;x1, . . . , xn3−3, xn3−2, xn3−1, xn3
]
)→
→ (
[
P1;x1, . . . , xn1−1, xn1
]
,
[
P1;x1, . . . , xn2 , xn2−1
]
,
[
P1;x1, . . . xn3−3, xn3−2, xn3 , xn3−1
]
),
with n1 ≥ 3, n3 ≥ 4, n2 ≥ 3, n1 ≤ n2. In this case we have
Proposition 2.13. i) χ((M0,n1 × M0,n2 × M0,n3)/(S2 × S2)) = χ((M0,n2 ×
M0,n3)/(S2 × S2)), for n1 = 3.
ii)
χ((M0,4 ×M0,4 ×M0,n3)/(S2 × S2)) =


−1, n3 = 4,
0, n3 = 5,
−2, n3 = 6,
1
4χ(M0,n3), n3 ≥ 7.
iii) χ((M0,4×M0,n2 ×M0,n3)/(S2×S2)) =
1
2χ((M0,4×M0,n3)/S2)χ(M0,n2),
for
n2 ≥ 5,
iv) χ((M0,n1×M0,n2×M0,n3)/(S2×S2)) =
1
2χ((M0,n2×M0,n3)/S2)χ(M0,n1),
for
n1 ≥ 5.
Proof. The only statement to prove is ii). Let us work out the case n3 = 5
as a sample case. The quotient map M0,4 ×M0,4 ×M0,5
ϕ
→ (M0,4 ×M0,4 ×
M0,5)/(S2 × S2) is a degree four map with branch locus the image under ϕ of the
following set of points{([
P1;∞, 0, 1,−1
]
,
[
P1;∞, 0, 1, b, 1− b
]
,
[
P1;∞, 0, 1,−1
])
; b 6= 0,∞, 1, 1/2
}
.
Therefore
2 = χ(M0,4 ×M0,4 ×M0,5) = 4χ((M0,4 ×M0,4 ×M0,5)/S2 × S2) + 2
and the claim follows.
✷
Let us consider M1,n, n ≥ 2 and let the group S2 act on it by permuting the
last two marked points in each genus 1 n-pointed curve.
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Proposition 2.14. i)
χ(M1,n/S2) =


1, n = 2,
1, n = 3,
1, n = 4,
0, n = 5,
6, n = 6.
ii) χ(M1,n/S2) =
1
2χ(M1,n), when n ≥ 7.
Proof. Since an n-pointed genus 1 curve has non-trivial automorphisms when
n ≥ 5, ii) follows easily. On the other hand, each case in i) must be analyzed
separately. For n = 2, the action of S2 is free, since the two pointed elliptic curves
[C; 0, p] and [C; p, 0] , p 6= 0, are the same because of the structure of C as C modulo
a lattice.
We now turn to the case n = 3. Suppose [C; 0] is elliptic and p, q nonzero
distinct points on C. Clearly, if [C; 0] is general, the −1 involution around zero
exchanges p and q. Now write C = C/Λ, and let p and q be the classes of the two
complex numbers z and w. Suppose first Λ = Z + iZ. If the automorphism given
by multiplication by i interchanges p and q, then iz ≡ w mod Λ and iw ≡ z mod
Λ. Thus −z ≡ z mod Λ, i.e. p is a 2-torsion point. Since p and q are distinct,
they must be the classes of 1/2 and i/2. Suppose next that Λ = Z + ωZ, where
ω is a primitive third root of unity, and let ϕ be an order 6 automorphism. If ϕ
interchanges p and q, then −p = ϕ3(p) = q. In conclusion, the branch locus of
M1,3 →M1,3/S2,
consists of an isolated point plus the set U of isomorphism classes of curves [C; 0, p,−p]
such that p is not a torsion 2-point. Since U is isomorphic to M0,5/S3, we finally
deduce that
0 = χ(M1,3) = 2χ(M1,3/S2)− 2.
For the other cases, we proceed analogously. When n = 4, the branch locus of
the map
M1,4 →M1,4/S2,
consists of the isolated point [C; 0, i/2, 1/2, 1/2+ i/2] and the set of points U ′ of
isomorphism classes of curves [C; 0, v, p,−p, ], where v is a torsion 2-point and p is
not a torsion 2-point. Since this stratum is isomorphic to M0,5/S2, we have
0 = χ(M1,4) = 2χ(M1,4/S2)− 1− 1.
Other computations are similar and can be worked out by the reader.
✷
We end this subsection with a mixed product. Let S2 act on M1,n1 ×M0,n2 ,
n1 ≥ 1, n2 ≥ 3, as follows:(
[C;x1, . . . , xn1−1, xn1 ] ,
[
P1; y1, . . . , yn2−1, yn2
])
→
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→
(
[C;x1, . . . , xn1 , xn1−1] ,
[
P1; y1, . . . , yn2 , yn2−1
])
,
where C is an elliptic curve.
Similarly to Proposition 2.10 one can prove:
Proposition 2.15.
χ((M1,n1 ×M0,n2)/S2) =


χ(M1,n1/S2), n2 = 3,
χ(M1,n1/S2)− χ(M1,n1), n2 = 4,
1
2χ(M0,n2)χ(M1,n2), n2 ≥ 5.
3. The Euler characteristic of M2,n
For every n-pointed curve C of genus 2 , we denote by τ the hyperelliptic invo-
lution. We can stratifyM2,n according to the action of τ on the marked points. In
fact, we are going to decomposeM2,n into a disjoint union of quasi projective sub-
varieties, which will be doubly indexed, up to isomorphism: the first index counts
the number of τ -fixed marked points and the other one counts the couples of points
in involution.
In order to fix notation, we say that M2,n is the union of aj,r subvarieties of
type {j, r}, isomorphic to Uj,r, hence
χ (M2,n) =
min(n,6)∑
j=0
[n−j2 ]∑
r=0
aj,rχ (Uj,r) .
Set
Uj,r :=
{
[C, p1, ..., pn] : τ(pi) = pi , i = 1, ..., j ,
τ(pj+2i) = pj+2i−1, i = 1, ..., r , τ(pl) 6= pk otherwise
}
.
Since the subvarieties isomorphic to Uj,r are obtained by permuting the mark-
ings, it is easy to see by combinatorial arguments, that
aj,r =
(
n
j
)
(n− j)!
2r(n− j − 2r)!r!
.
Let us consider the covering map
fj,r : Uj,r →
M0,n+6−r−j
S6−j
sending the class [C, p1, ..., pn] to the class
[C/τ, [p1] , ..., [pj ] , [pj+1] = [pj+2] , ..., [pj+2r−1] = [pj+2r] , q1, ..., q6−j ] ,
where {q1, ..., q6−j} are the ramification points of τ other than the images of the
marked points, and the group S6−j acts permuting exactly these points.
Conversely, given such data, a n pointed genus 2 curve is determined up to the
choice of the branch of the covering where the marked points are, and we can say
that the map fj,r is a covering of degree 2
n−j−r−1, except for the cases where
j = n, and r = 0, when it is an isomorphism.
We claim that this map is unramified unless j = 0, and n − r = 2, where the
target space is
M0,8
S6
. A ramification point of this map implies the existence of an
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isomorphism (different from the hyperelliptic involution σ) between two genus 2, n-
pointed curves, which represent the same equivalence class modulo σ; this induces
an automorphism of the rational curve C/τ , fixing the classes of the markings, and
permuting the classes of the τ -fixed points. Thus one can see that if j > 0 or
n − r > 2, this automorphism is the identity, and the isomorphism between the
genus 2 curves is the identity too, since it fixes at least 6 points and is not the
hyperelliptic involution.
But if j = 0 and n − r = 2, our claim is that the ramification locus of fj,r is
isomorphic to
M0,5
S3
; observe that there are only three such cases, namely U0,0 ⊂
M2,2, U0,1 ⊂ M2,3, U0,2 ⊂ M2,4. Let us explain the simpler case, namely f0,0 :
U0,0 →
M0,8
S6
; we need to find out for which curves (C, p1, p2) ∈ U0,0 there exists an
isomorphism
σ : (C, p1, p2)→ (C, p1, τ(p2)).
By Riemann-Hurwitz formula, and uniqueness of the hyperelliptic involution,
the curve C/σ is elliptic, and the quotient map is ramified exactly over the images
of p1 and τ(p1). Observe that the two automorphism σ and τ commute, and τ
(resp. σ) induces an automorphism of C/σ (resp. C/τ). Everything matches in
the following commutative diagram:
C
φ
−−−−→ C/τ
ψ
y ψy
C/σ
φ
−−−−→ C/ < σ, τ >
By the conditions on σ and τ , the map φ is ramified over ψφ (p2), and over the
images of the ramification points of φ; since the map ψ has degree 2, these six points
form exactly three fibers of it; the last point we have to mark on C/ < σ, τ > is
ψφ (p1); hence a genus 2, 2-pointed curve satisfying our requirements determines
a genus 0 curve, with 5 marked points, three of which are indistinguishable. Con-
versely, given a point in
M0,5
S3
, a point [C, p1, p2] ∈ U0,0 ⊂ M2,2 matching our
conditions is uniquely determined by building C/τ and C/σ as ramified coverings
over the marked points of the rational curve, namely, by reversing the construction.
This proves our claim.
Using the results of section 2, we have that
χ
(
M0,n+6−r−j
S6−j
)
=


(−1)
n+3−j−r (n+3−j−r)!
(6−j)! , for n− r ≥ 3,
0 , for n− r = 2 , j even,
1 , for n− r = 2 , j odd,
1, for n− r = 1,
1, for n− r = 0.
If n ≥ 7, then the fiber of the universal curve
M2,n+1 →M2,n
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is a genus 2 curve without n points, hence has Euler characteristic −(n + 2);for
n ≥ 8,
χ (M2,n) =
n−1∏
h=7
−(2 + h)χ (M2,7) =
= (−1)
n−1−7+1 (n− 1 + 2)!χ (M2,7)
8!
=
= (−1)n+1 (n+ 1)!
χ (M2,7)
8!
.
Moreover, for the case n = 7, the fiber of the universal curve
M2,7 →M2,6,
overM2,6\U6,0 is a genus 2 curve without 6 points, of characteristic −8, and over
U6,0 is a genus 2 curve without the 6 points fixed by the involution, modulo the
involution itself, hence a genus 0 curve without 6 points, of characteristic −4;
therefore, since U6,0 ∼=M0,6 , we get
χ (M2,7) = −8 (χ (M2,6)− χ (M0,6))− 4χ (M0,6) +
= −8χ (M2,6)− 24.
Since we have all the ingredients, we begin computing directly the cases n = 1, ..., 6.
χ (M2,0) = χ
(
M0,6
S6
)
= 1.
χ (M2,1) =
1∑
j=0
2−jχ
(
M0,7−j
S6−j
)
+
1
2
χ
(
M0,6
S5
)
= χ
(
M0,7
S6
)
+ χ
(
M0,6
S5
)
= 2.
χ (M2,2) = 2χ
(
M0,8
S6
)
− χ
(
M0,5
S3
)
+ χ
(
M0,7
S6
)
+2χ
(
M0,7
S5
)
+ χ
(
M0,6
S4
)
= 2.
χ (M2,3) = 4 · χ
(
M0,9
S6
)
+ 6 · χ
(
M0,8
S6
)
− 3χ
(
M0,5
S3
)
+6χ
(
M0,8
S5
)
+ 3χ
(
M0,7
S5
)
+ 3χ
(
M0,7
S4
)
+ χ
(
M0,6
S3
)
= 0.
With the same kind of computations, we get that χ (M2,4) = −4 , χ (M2,5) = 0,
and χ (M2,6) = −24. Finally,
χ (M2,7) = −8χ (M2,6)− 24 = 168.
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From this we can conclude that, for n ≥ 7,
χ (M2,n) = (−1)
n+1
(n+ 1)!
χ (M2,7)
8!
= (−1)
n+1 (n+ 1)!
240
.
In the following table we list our results:
n 0 1 2 3 4 5 6 ≥ 7
χ (M2,n) 1 2 2 0 −4 0 −24 (−1)
n+1 (n+1)!
240
4. The Euler characteristic of M1,n
A similar calculation can be done for the Euler characteristic ofM1,n (see [AC]).
In this case, τ denotes the hyperelliptic involution around the last marked point,
and the subvarieties Uj,r have the same definition, assuming that j counts the τ -
fixed marked points except the last one. In this case, for n ≥ 5, the curves have no
automorphisms, and we get
χ (M1,n) =
n−1∏
h=5
−hχ (M1,5)
= (−1)n−1
(n− 1)!χ (M1,5)
4!
;
moreover, the fiber of the universal curve
M1,5 →M1,4,
overM1,4\U3,0 is a genus 1 curve without 4 points, of characteristic −4, and over
U3,0 a genus 0 curve without 4 points, of characteristic −2; we then get
χ (M1,5) = −4 (χ (M1,4)− χ (M0,4))− 2χ (M0,4)
= −4χ (M1,4)− 2.
The formula we get for n ≤ 3 is
χ (M1,n+1) =
n∑
j=0
[n−j2 ]∑
r=0
aj,rχ (Uj,r)
=
n∑
j=0
[n−j2 ]∑
r=0
(
n
j
)
(n− j)!
(n− j − 2r)!r!
2n−j−2r−1χ
(
M0,n−r+4−j
S3−j
)
+
+
1
2
χ
(
M0,4
S3−n
)
.
Since we know that M1,1 ∼= C, then χ (M1,1) = 1 ; from the formula we calculate:
•
χ (M1,2) =
1∑
j=0
2−jχ
(
M0,5−j
S3−j
)
+
1
2
χ
(
M0,4
S2
)
= 1;
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•
χ (M1,3) =
2∑
j=0
[ 2−j2 ]∑
r=0
(
2
j
)
(2− j)!
(2− j − 2r)!
21−j−2rχ
(
M0,6−r−j
S3−j
)
+
1
2
χ (M0,4)
= 2χ
(
M0,6
S3
)
+ 3χ
(
M0,5
S2
)
+ χ (M0,4) = 0;
•
χ (M1,4) =
3∑
j=0
[ 3−j2 ]∑
r=0
(
3
j
)
(3− j)!
(3− j − 2r)!r!
22−j−2rχ
(
M0,7−r−j
S3−j
)
+
1
2
χ (M0,4)
=
3∑
j=0
[ 3−j2 ]∑
r=0
(
3
j
)
(3− j)!22−j−2r (−1)
r+j
(4− r − j)!
(3− j − 2r)!r! (3− j)!
−
1
2
= 0.
Finally, χ (M1,5) = −2 and, for n ≥ 5, χ (M1,n) = (−1)
n (n−1)!
12 ; in the following
table we summarize the results:
n 1 2 3 4 ≥ 5
χ (M1,n) 1 1 0 0 (−1)
n (n−1)!
12
5. Generating functions and graphs
In this section we briefly describe our combinatorial strategy in computing the
Euler characteristics of M1,n and M2,n.
As mentioned in the Introduction, the quasi-projective subvarieties Xi of Mg,n
are in correspondence with a collection of genus g graphs with n leaves. Considering
a graph Γ of this collection, its contribution to the Euler characteristic is provided
by the product of the Euler characteristics of the moduli spaces associated to its
vertices.
Now it turns out that all the genus g graphs (with any number of leaves) can be
obtained by attaching trees to some loops or to some vertex representing a curve
of genus greater than 1. Therefore, if we let D to be a generating function which
counts the contributions of trees to the Euler characteristic, the computation of the
series Kg reduces to the sum of the contributions of all the possible combinations
of loops and vertices with genus greater than 1, multiplied by a suitable power of
D.
Let us then give the following suitable definition of D:
Definition 5.1.
D(t) = t+
∞∑
n=2
∑
Γ
χ(Γ)
tn
n!
Here the second sum ranges over the collection of “admissible trees”, which are
all the oriented rooted trees on n numbered leaves with the following two further
properties
1. There is an unlabelled half-edge going into the root.
2. The tree is stable, that is to say, for every vertex of the tree the number of
outgoing edges (including the leaves), plus 1, is greater than or equal to 3.
Furthermore, χ(Γ) is the Euler characteristic of the stratum of M0,n which corre-
sponds to Γ.
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As an example of the way in which we use D, the contribution to K2 of all the
graphs of the following kind
2
can be computed by means of the series∑
n≥1
χ(M2,n)
Dn
n!
Let us now focus on the series D: we can easily find a recursive relation for it
noticing that, if we cut an edge which stems from the root of a genus 0 admissible
tree, the cut part is again a genus 0 admissible tree.
Therefore we can write the following recursive relation for D (which was taken as
a definition in the Introduction):
D = t+
∞∑
n=2
χ(M0,n+1)
Dn
n!
.
Substituting the values for χ(M0,n+1) we obtain
D = t+
∞∑
n=2
(−1)n−1(n− 2)!
Dn
n!
,
which, after differentiating with respect to t gives
D′ = 1 +D′
∞∑
n=1
(−1)n
Dn
n
D′(1− log(1 +D)) = 1.
This is a differential equation that allows us to compute recursively all the coeffi-
cients of D:
D(t) = t+
t2
2
+
t3
3
+
7t4
24
+
17t5
60
+
71t6
240
+
163t7
504
+ o
(
t8
)
.
We notice that, in computing Euler characteristics, we will often come across
the series E = log(1 +D), which can be equivalently written in the following way
E =
∞∑
n=1
χ(M0,n+2)
Dn
n!
and summarizes the contribution provided by trees that stem from a vertex of a
polygon.
Let us now pass to motivate the introduction of two different operations on
generating series, namely the derivative with respect to D and the derivative with
respect to t. Let us consider a graph ∆ of the following kind
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1
or more generally a graph which is made by two components of genus 1 attached
by a genus 0 path.
When computing the contribution of such graphs to the seriesK2, we can imagine
to cut the picture in the following way
L21
L1
What remains on the left is a graph ∆1 of genus 1 with the artificial leaf L1,
while on the right there is another graph ∆2 of genus 1 with the artificial leaf L2
instead of a tree.
A first approximation to the contribution of such graphs is provided by 12
∂K1
∂t
∂K1
∂D
.
In fact
1. The factor ∂K1
∂t
takes into account the contribution of the left part of the
graph. The derivative with respect to t cancels the mistake due to the presence
in ∆1 of the leaf L1 which is not a leaf of ∆.
2. The factor ∂K1
∂D
takes into account the contribution of the right part of the
graph. The derivative with respect to D is the translation in terms of gen-
erating series of the presence, in ∆2, of the artificial leaf L2 instead of a
tree.
3. The coefficient 12 is needed since in general there are two possible ways to cut
the graph ∆.
There are some exceptional cases; for instance one is provided by the following
configuration, which should be carefully looked at:
Here and from now on, when we draw a dotted line outgoing from a vertex we
mean that any number of trees can stem from the vertex itself.
In this case, the contribution to K2 turns out to be equal to∑
n≥1
χ(M0,n/S2)
Dn
n!
instead of
1
2
∑
n≥1
χ(M0,n)
Dn
n!
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which was implicit in the expression 12
∂K1
∂t
∂K1
∂D
.
6. The generating function for genus 1
In this section we obtain with our elementary and direct methods the generating
function for the genus one case, which was already calculated by Getzler in [G1].
There are two different contributions which should be considered: the first one
comes from graphs of this kind
1
and is exactly
∑
n≥1
χ (M1,n)
Dn
n!
= D +
D2
2
+
1
12

∑
n≥1
(−1)
n D
n
n
+D −
D2
2
+
D3
3
−
D4
4


=
13
12
D +
11
24
D2 +
D3
36
−
D4
48
−
1
12
log (1 +D)
=
13
12
D +
11
24
D2 +
D3
36
−
D4
48
−
E
12
;
the second contribution comes from the graphs containing a loop, and is
1
2
∑
l≥3
El
l
+
∑
n≥1
χ
(
M0,n+2
S2
)
Dn
n!
+
1
2
∑
n,m≥1
χ
(
M0,n+2 ×M0,m+2
S2
)
Dn+m
n!m!
,
where the action of S2 exchanges the last two markings, simultaneously in the
second case.
It can be written as
1
2
(
log (1− E)− E −
E2
2
)
+
1
2
(
E −D +
D2
2
)
+
1
4
(
E2 −D2 +D3 −
D4
4
)
+
∑
1≤n≤2
χ
(
M0,n+2
S2
)
Dn
n!
+
1
2
∑
1≤n,m≤2
χ
(
M0,n+2 ×M0,m+2
S2
)
Dn+m
n!m!
=
1
2
(
− log (1− E)− E −
E2
2
)
+
1
2
(
E −D +
D2
2
)
+
+
1
4
(
E2 −D2 +D3 −
D4
4
)
+D +
D2
2
+
D4
8
= −
1
2
log (1− E) +
D
2
+
D2
2
+
D3
4
+
D4
16
.
Summing up we get the generating function for genus 1.
K1 =
13
12
D +
11
24
D2 +
D3
36
−
D4
48
−
E
12
−
1
2
log (1− E) +
D
2
+
D2
2
+
D3
4
+
D4
16
=
19
12
D +
23
24
D2 +
5
18
D3 +
D4
24
−
E
12
−
1
2
log (1− E) .
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7. Graphs and components
Let us consider the set F of graphs representing boundary components of the
moduli space of genus 2 pointed curves, including the one representing the open
part. We define the graph-type of each graph as the graph obtained by deleting
the markings, contracting all trees, and smoothing each vertex of valence 2.
There are seven different graph-types, and we denote by F1, ...,F7 the collections
of graphs of each type. We count separately the contribution these sets give to the
generating function for the characteristic of M2,n.
Type 2
1
Type 3
1 1
Type 4
Type 6 Type 7
1
Type 5
2
Type 1
Figure 1. Graph-types
The group of automorphisms Gi of the graph-type acts on Fi, and generically the
contribution should have coefficient 1|Gi| ; in this general formula we should “cor-
rect” the contribution of the components corresponding to graphs with non trivial
stabilizer. In this case, the stabilizer of the graph acts generically non-trivially on
the boundary component, since it acts on the added markings of the irreducible
components of the curve. If there are enough markings on this component , the
action is free, and nothing changes in the coefficient 1|Gi| ; but, for a low number of
markings, we should analyze the contribution this component gives independently.
As an example, graphs of this kind
1
(which are of type 5) give the contribution 12
∑
n≥0 χ (M1,n+2)
D
n!
n
in the generic
formula, since the graph-type has automorphism group of order 2. In fact, what
we should really put in the formula is
∑
n≥0 χ
(
M1,n+2
S2
)
D
n!
n
, where S2 permutes
the two added markings. The two formulas coincides for n ≥ 5, when the action
becomes free, but the initial terms should be corrected.
Now let us analyze separately each contribution.
7.1. Graphs of type 1. Since there are no graph-type automorphisms, the con-
tribution is
∑
n≥0 χ (M2,n)
Dn
n! .
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From our formulas, we get∑
n≥0
χ (M2,n)
Dn
n!
= 1 + 2D +D2 −
D4
6
−
D6
30
+
1
240
∑
n≥7
(−1)n+1 (n+ 1)Dn =
= −
1
240 (1 +D)
2 +
241
240
+
239D
120
+
81D2
80
−
D3
60
−
7D4
48
−
D5
40
−
D6
240
.
7.2. Graphs of type 2,3,4. These graph-types could be considered together, as
they all could be seen in exactly two different ways as the union of a genus 1 graph
with one cut leaf, and a genus 1 graph with one cut tree.
We recall that the generating function for the genus 1 case is
K1 (D) =
19D
12
+
23D2
24
+
5D3
18
+
D4
24
−
log (1 +D)
12
−
log (1− log (1 +D))
2
;
the generic contribution is:
1
2
(
∂K1 (D)
∂D
)2
D′
=
1
2
(
19
12
+
23D
12
+
5D2
6
+
D3
6
−
1
12 (1 +D)
+
1
2 (1− E) (1 +D)
)2
1
1− E
=
(
361 + 874D+ 909D2 + 536D3 + 192D4 + 40D5 + 4D6
)
288 (1− E)
−
19 + 23D+ 10D2 + 2D3
144 (1− E) (1 +D)
+
19 + 23D+ 10D2 + 2D3
24 (1− E)
2
(1 +D)
−
1
24 (1− E)
2
(1 +D)
2
+
1
288 (1− E) (1 +D)
2 +
1
8 (1− E)
3
(1 +D)
2 ;
moreover, the group exchanging the two sides of the graph type fixes the following
graphs of type 2 and 4:
1) 2)
1 1
1
3)
1
4)
in each of the first two cases, the contribution is 1 instead of 12 , while in the third
one we should replace 12
(
D − D
2
2
)
with
∑
1≤n≤2
χ
(
M0,n+2
S2
)
Dn
n!
= D.
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The fourth graph requires a little more work: in fact we have to analyze the
action of S2 on
M0,n+2 ×M1,1 ×M1,1,
which is free for n > 2. For the case n = 1, the action is trivial, whereas for the
case n = 2, the quotient map is generically 2 : 1, and it is ramified on[
P1;∞, 0, 1,−1
]
×∆,
where ∆ is the diagonal in M1,1 ×M1,1. Thus we get
χ (M0,n+2 ×M1,1 ×M1,1/S2) = 0.
Once more we should replace 12
(
D − D
2
2
)
with D.
Finally we have:
1 +D +
D2
2
+
(
361 + 874D+ 909D2 + 536D3 + 192D4 + 40D5 + 4D6
)
288 (1− E)
−
19 + 23D + 10D2 + 2D3
144 (1− E) (1 +D)
+
19 + 23D + 10D2 + 2D3
24 (1− E)
2
(1 +D)
−
1
24 (1− E)
2
(1 +D)
2
+
1
288 (1− E) (1 +D)
2 +
1
8 (1− E)
3
(1 +D)
2 .
7.3. Graphs of type 5. G5 ∼= S2 acts on the graph-type. The formula to be
corrected is
1
2

∑
n≥0
χ (M1,n+2)
Dn
n!

D′
=
1
2 (1− E)

∑
n≥3
(−1)
n (n+ 1)!
12
Dn
n!
+ 1


=
1
2 (1− E)

 1
12

∑
n≥0
(−1)
n
(n+ 1)Dn

− 1
12
+
D
6
−
D2
4
+ 1


=
1
2 (1− E)
(
1
12 (1 +D)
2 +
11
12
+
D
6
−
D2
4
)
the graphs stabilized by G5 are
1
and
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1
which, taking into account only the cases where the elliptic curve has non trivial
automorphisms, give contribution∑
0≤n≤4
χ
(
M1,n+2
S2
)
Dn
n!
= χ
(
M1,2
S2
)
+ χ
(
M1,3
S2
)
D + χ
(
M1,4
S2
)
D2
2
+χ
(
M1,5
S2
)
D3
6
+ χ
(
M1,6
S2
)
D4
24
= 1 +D +
D2
2
+
D4
4
instead of
1
2
∑
0≤n≤4
χ (M1,n+2)
Dn
n!
=
1
2
(
1−
D3
3
+
5D4
12
)
,
and ∑
0≤n≤4
1≤m≤2
χ
(
M1,n+2 ×M0,m+2
S2
)
Dn+m
n!m!
= D +D2 +D3 +
D4
4
+
D5
6
−
D6
12
instead of
1
2
∑
0≤n≤4
χ (M1,n+2)
Dn
n!
(
D −
D2
2
)
=
1
2
(
1−
D3
3
+
5D4
12
)(
D −
D2
2
)
=
D
2
−
D2
4
−
D4
6
+
7D5
24
−
5D6
48
.
Therefore the contribution of graphs of type 5 is
=
1
24 (1− E) (1 +D)2
+
11 + 2D − 3D2
24 (1− E)
+
1
2
+
3
2
D +
7
4
D2 +
7
6
D3 +
11
24
D4 −
1
8
D5 +
1
48
D6.
7.4. Graphs of type 6. G6 = H7 × L7 × R7 ∼= S2 × S2 × S2 acts on the graph
type: H7 exchanges the two loops, L7 and R7 reverse the orientation on the left
and on the right loop; the starting formula is
1
8
∑
n≥0
χ (M0,n+4)
Dn
n!
(D′)
2
= −
1
8 (1 +D)
2
(1− E)
2 .
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G6 stabilizes the graph, and the contribution is∑
0≤n≤3
χ
(
M0,n+4
D4
)
Dn
n!
= χ
(
M0,4
D4
)
+ χ
(
M0,5
D4
)
D + χ
(
M0,6
D4
)
D2
2
= −
D2
2
,
which should replace 18
(
−1 + 2D − 3D2
)
in the formula.
The stabilizer is L7 ×R7; we put
1
2
χ
(
M0,4
R7
)(
E −D +
D2
2
)
+D
∑
0≤n≤2
χ
(
M0,n+4 ×M0,3
L7 ×R7
)
Dn
n!
+
D2
2
∑
0≤n≤2
χ
(
M0,n+4 ×M0,4
L7 ×R7
)
Dn
n!
= −
3
2
D3 +
D4
4
instead of (
D
4
−
D2
8
)(
−1 + 2D − 3D2
)
−
1
4
(
E −D +
D2
2
)
= −
E
4
+
D2
2
−D3 +
3
8
D4.
This set of graphs gives
1
2
∑
0≤n≤2
1≤p,q≤2
χ
(
M0,n+4 ×M0,p+2 ×M0,q+2
L7 ×R7
)
Dn+p+q
n!p!q!
=
1
2
(
−
D4
4
−D4 −D4 +
D5
2
−
D6
4
)
= −
9
8
D4 +
D5
4
−
D6
8
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replacing
1
8
(
−1 + 2D − 3D2
)(
D −
D2
2
)2
= −
D2
8
+
3D3
8
−
21
32
D4 +
7
16
D5 −
3
32
D6
and
1
2
∑
1≤p≤2
χ
(
M0,4 ×M0,p+2
S2
)
Dp
p!
(
E −D +
D2
2
)
=
ED2
4
−
D3
4
+
D4
8
replacing
−
1
4
(
E −D +
D2
2
)(
D −
D2
2
)
= E
(
−
D
4
+
D2
8
)
+
D2
4
−
D3
4
+
D4
16
.
The contribution of these graphs (here and from now in the pictures a pentagon
stands for any polygon with more than three edges) is
1
2
χ
(
M0,4
S2
)
E2
1− E
= 0
where in the formula we have − 14
E2
1−E , and finally we have
which give contribution
E2
2 (1− E)
(
χ
(
M0,4 ×M0,3
S2
)
D + χ
(
M0,4 ×M0,4
S2
)
D2
2
)
=
1
4
D2E2
1− E
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and not 14
E2
1−E
(
−D + D
2
2
)
.
From graph type 6:
−
1
8 (1 +D)
2
(1− E)
2 −
D2
2
+
1
8
−
D
4
+
3
8
D2
−
3
2
D3 +
D4
4
+
E
4
−
D2
2
+D3 −
3
8
D4
−
9
8
D4 +
D5
4
−
D6
8
+
D2
8
−
3D3
8
+
21
32
D4 −
7
16
D5 +
3
32
D6
+
ED2
4
−
D3
4
+
D4
8
− E
(
−
D
4
+
D2
8
)
−
D2
4
+
D3
4
−
D4
16
+
1
4
E2
1− E
+
1
4
E2D2
1− E
+
1
4
E2D
1− E
−
1
8
E2D2
1− E
= −
1
8 (1 +D)
2
(1− E)
2 +
E2
4 (1− E)
(
D2
2
+D + 1
)
+E
(
D2
8
+
D
4
+
1
4
)
+
1
8
−
D
4
−
D2
2
−
7
8
D3 −
11
32
D4 −
3
16
D5 −
D6
32
.
7.5. Graphs of type 7. The group acting is G7 = H7 × K7, where H7 ∼= S2
interchanges the two vertices, and K7 ∼= S3 permutes the three edges.
The generic contribution is
1
12

∑
n≥0
χ (M0,n+3)
Dn
n!


2
(D′)
3
=
1
12
1
(1 +D)
2
1
(1− E)
3 ;
we need to correct the following contributions :
The stabilizer is the whole group G7; it is clear that there exists only such a
curve, so that the real contribution is 1; our formula gives 112 .
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The stabilizer is H7 ×K
′
7, where K
′
7 is a subgroup of order 2 of K7; the contri-
bution is ∑
n≥1
χ
(
M0,n+2
S2
)
Dn
n!
= D +
E
2
−
D
2
+
D2
4
=
E
2
+
D
2
+
D2
4
and the formula gives E4 .
The stabilizer is H7, and the contribution is
1
2
∑
1≤n,m≤2
χ
(
M0,n+2 ×M0,m+2
S2
)
Dn+m
n!m!
=
D2
2
+
D4
8
,
where in the formula we get 14
(
D2 −D3 + D
4
4
)
= D
2
4 −
D3
4 +
D4
16 .
Still H7 stabilizes all the graphs of this kind, and the real contribution is the
following:
1
6
∑
1≤n,m,p≤2
χ
(
M0,n+2 ×M0,m+2 ×M0,p+2
S2
)
Dn+m+p
n!m!p!
=
D3
6
+
D5
8
The formula gives instead 112
(
D3 − 32D
4 + 34D
5 − D
6
8
)
= D
3
12 −
D4
8 +
D5
16 −
D6
96 .
(we assume that at least one vertex has valence ≥ 4). The stabilizer is K7, and
the contribution is
1
2
∑
0≤n,m≤2
(n,m) 6=(0,0)
χ
(
M0,n+3 ×M0,m+3
S3
)
Dn+m
n!m!
= D +
3
2
D2 +
D3
2
+
D4
4
,
whereas the formula gives 112
(
−2D + 3D2 − 2D3 +D4
)
= −D6 +
D2
4 −
D3
6 +
D4
12 .
The stabilizer is a subgroup of order 2 of K7, and we should put
1
2

 ∑
0≤n,m≤1
(n,m) 6=(0,0)
χ
(
M0,n+3 ×M0,m+3
S2
)
Dn+m
n!m!

ED′ = ED22 (1− E)
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instead of
E(−2D+D2)
4(1−E) , and, for the case n = m = 0, since we already corrected
part of this term, we substitute E
2
2(1−E) to
E2
4(1−E) .
The final contribution of type 7 graphs is
1
12
1
(1 +D)
2
1
(1− E)
3 +
11
12
+
E
2
+
D
2
+
D2
4
−
E
4
+
D2
2
+
D4
8
−
D2
4
+
D3
4
−
D4
16
+
D3
6
+
D5
8
−
D3
12
+
D4
8
−
D5
16
+
D6
96
+D +
3
2
D2 +
D3
2
+
D4
4
+
D
6
−
D2
4
+
D3
6
−
D4
12
+
ED2
2 (1− E)
−
−2DE + ED2
4 (1− E)
+
E2
4 (1− E)
=
1
12 (1 +D)2 (1− E)3
+
E2
4 (1− E)
+
E
(
2D +D2
)
4 (1− E)
+
11
12
+
5
3
D +
7
8
D2 +D3 +
17
48
D4 +
D5
16
+
D6
96
.
Now we are able to write down the complete generating function for genus 2:
K2 =
1
1440(1 +D)2(E − 1)3
[−2D8(E − 1)2(7 + 3E)− 24D7(E − 1)2(−7 + 17E)
+30D5 (E − 1)2 (61E − 221)− 3D6 (E − 1)2 (259 + 201E)
+360D
(
45E3 − 167E2 + 206E − 84
)
+ 60
(
73E3 − 270E2 + 336E − 144
)
+180D2
(
138E3 − 519E2 + 635E − 254
)
+ 60D3
(
341E3 − 1322E2 + 1633E − 652
)
+15D4
(
631E3 − 2640E2 + 3395E − 1386
)
].
By developing in power series, we get:
K2 (t) = 6 + 13t+ 21t
2 +
181
6
t3 +
251
6
t4 +
6853
120
t5 +
27971
360
t6 +
177673
1680
t7 + o(t8);
from this we read
n 0 1 2 3 4 5 6 7
χ
(
M2,n
)
6 13 42 181 1004 6853 55942 533019
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